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Abstract 
Let K be an unknotting number one knot. By calculating Casson’s invariant for the 2-fold 
branched covering of S3 branched over K, we give some relations among the Jones polynomial, 
the signature, and the Conway polynomial of K, and prove that some knots are of unknotting 
number two. 0 1998 Elsevier Science B.V. 
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Introduction 
Let K be an oriented knot in S3. The unknotting number u(K) of K is defined to be 
the minimum number of exchanges of crossings required to deform K into a trivial knot 
over all knot diagrams representing K. It is difficult to decide the unknotting number of a 
given knot. In fact, according to the table of Nakanishi in [9], for more than one fourth of 
the prime knots with crossing number less than or equal to 10, the unknotting numbers are 
not determined. However, there are a few relationships between the unknotting number 
and some numerical invariants of a knot. One half of the absolute value of the signature 
[ 151, and Nakanishi’s index [ 161, which is the size of the minimal Alexander matrix, are 
less than or equal to the unknotting number. For 2-bridge knots, unknotting number one 
knots are completely decided [S]. In this paper, we prove: 
Main Theorem. Let h’ be an oriented, unknotting number one knot and a(K) be its 
signature. 
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Fig. I 
(1) [f r(K) = 0 and K is unknotted by changing a crossing of sign E, then 
V$)(-I) E 240,4(K) + f(b - l)(h - 5) (mod48). 
(2) If a(K) = 2&, then 
V$)(-I) E 240,4(K) ~ :(?j + l)(b + 5) (mod48). 
Here E = &l (K is unknotted by changing a crossing of sign --E), 5 is the determinant 
of K, Vi!) (- 1) means the ,$rst derivative of the Jones polynomial of K at t = - 1, and 
Q(K) is the fourth coeficient of the Conway polynomial qf K. 
In order to prove this theorem, we consider Casson’s invariant [ 1,2, IS] of a 3-manifold 
constructed by two distinct methods: 2-fold branched cover and Dehn surgery. In Sec- 
tion 1, we prove Main Theorem. In Section 2, we give some applications, including 
showing seven prime knots with 10 crossings are indeed of unknotting number two. The 
rest of the introduction is devoted to some preliminaries. 
We say that a crossing L+ (respectively L) as shown in Fig. 1 is positive (respectively 
negative) or a crossing of sign + 1 (respectively ~ 1). 
The Jones polynomial VL (t) ( E Z[t *‘/‘I) [7] of an oriented link L is defined by the 
following recursive formulas: 
(1) For three links L+. L_ and Lo which differ only in one place as shown in Fig. 1, 
t-‘VL+(f) - tvz_(t) = (f”’ - tp”2)v&) 
(2) For a trivial knot U, Q;(t) = 1. 
The Conway polynomial VL(Z)(E Z[z]) (41 f o an oriented link L is defined by the 
following recursive formulas: 
(1) For three links L+, L- and Lo which differ only in one place as shown in Fig. 1, 
(2) For a trivial knot U, VC(Z) = 1. 
Then, the Conway polynomial VK(Z) of a knot K can be written as boo=,, (1~2~1 (K)z~“, 
where CLAIM = 0 except a finite number of rr. 
The signature a(K) of a knot K is defined to be the signature of the matrix 0 + OT, 
where 8 is a Seifert matrix [ 17, p. 201) of I< and OT is its transposed matrix. Then the 
following is known [5, p. 971: 
Lemma 1. The signature of a knot is calculuted recursively with the following formulas: 
(1) a(L+) < a(L-) < U(L+) + 2. 
(2) sign(L7h-(2J--l)) = &ia(lc). 
(3) For a triviul knot U, n(U) = 0. 
Here 
sign(z) = 
{ 
I/IX if 1’ # 0, 
0 if ;X = 0. 
If a,(t) is the normalized Alexander polynomial of a knot K, which is given by 
V&l/? ~ t-‘/2), h t en A,(-1) = 0,(2&i) = VK(-1) is an odd integer. 
We define UP,,(K) to be the 3-manifold obtained by p/q-surgery on K [ 17, Ch. 91, 
and C?(K) the 2-fold branched covering of S’ branched over K. The order of the first 
homology group of C?(K) is the determinant of K, which is equal to In,(- I ) 1. 
1. Proof of Main Theorem 
To prove Main Theorem, we consider Casson’s invariant x(nI) E Q of a rational 
homology 3-sphere 111. 
From [ 181, we have the surgery formula of Casson’s invariant for the 3-manifold 
obtained from S1 by doing surgery on a knot. 
Theorem 2 [2]. Let K be a knot in 5”. Then 
X(M,,,,(h-)) = @K) - Ts(q.,i 
Here s(q. p) is the Dedekind sum of coprime integers p (f 0) and q defined by 
with 
((2)) = 1 O if I E Z; d’ - [.c] ~ l/2 if t $ Z. 
For a 3-manifold which is the 2-fold branched covering of S’ branched over a knot, 
we have the following: 
Theorem 3 [14]. Let K be a knot in S’. Therl 
Montesinos [ 131 shows that every 2-fold branched covering of 5” branched over a link 
can be obtained by doing surgery on a strongly invertible link. We consider a special 
case of this theorem. 
Let K be an oriented, unknotting number one knot in S’. Then there is a 2-string tangle 
R for which we can change K into a trivial knot li by applying the modification as shown 
in Fig. 2, where R is a pair (I?, , tl) of a j-ball BI and disjoint two arcs tt in Bt with 
as, n tt = at,. Thus, (S”. 11~) = (&. to) u (B,, tt) and (5”. U) = (Ba. to) u (Bz3 t2), 
where (&, to) is the complementary tangle of K and (I??, t2) is the 2-string tangle S as 
shown in Fig. 2. For the 2-fold cover .f’ : C,(C) + S3 branched over U, let C be the 
core of the solid torus V = f-l(&) in &(LT), which is homeomorphic to 5’“. Then C 
is a strongly invertible knot, which we call a surgical knot for &(K). 
Proposition 4. The 2+ld brunched covering X2(1<) of S’ branched over K can be 
obtained by r/2-surgep on C, \chere 
R= = S 
W S = + 1 half twist 
Fig. 3. 
Proof. We have only to calculate the surgery coefficient r/2 for C. By ]I I], Irl is the 
determinant of K. Since u(K) = 1, there exists a 2-string tangle R for which we can 
change K into a trivial knot by applying the modification as shown in Fig. 2. Preserving 
R. we can modify K as shown in Fig. 3, where P is the 2nstring tangle obtained from 
an rr-string tangle P by replacing each arc with parallel two arcs in the projection plane 
and II’ is a tangle whose strings are twisted. Let t(l17) be the number of the half twists in 
II’. We orient K as shown in Fig. 3. If the two crossings in R are positive (respectively 
negative), then t(lI’) is even (respectively odd). It is shown in the proof of [ 12, Lemma 
51 that I’ = (- I )‘(“.)VK (~ 1). So we have the desired formula for the case a(K) = 0. 
If a(K) = 2~, E = 5 1, then the two crossings in R are of sign -E by Lemma I. Hence 
we have I’ = -EVK(- 1). This completes the proof. 0 
Lemma 5. For a positive, odd integer p, 
4-Q) = (p- ‘)(p-5) 
24~ 
Proof. By Dedekind’s reciprocity law [6], we have s(2,p)+s(p. 2) = (p- l)(P-5)/24~. 
By the definition, we have s(p, 2) = 0, completing the proof. 0 
Theorem 6. Let I< be an unknotting number one knot and C be a surgical knot fc~fi,r 
&(I{). Then 
Q(C) = 
{ 
-~Vi!)(-1)/24 + (6 - l)(S - 5)/96 fa(K) = 0 and K is unknotted 
~Vi’)(-1)/24 + (6 + l)(S + 5)/96 
by changing a crossing of sign E; 
ifa = 2&, 
where E = & 1 and 6 is the determinant of K. 
Proof. We only prove for the case a(K) = 0, since the case a(K) = 2~ is similar. By 
Proposition 4, we have Cl(K) = M,,,(C), w h ere r = &VI< (- I). Then by Theorem 2, 
we have 
2 
X(&(K)) = -n*(C) - 
sign(r) 
r 
-s(2. r) 
2 
By Lemma 1, \k(-1) > 0, and ~(2. r) = ~(2. -r.), we obtain 
X(&(K)) = $C) - Zs(2. ITI). 
On the other hand, by Theorem 3, we have 
From these two equalities, using Lemma 5, we obtain 
166 
r K V”)(-1) + 7-E(lr/ - l)(lr - 5) 
L 24 961~1 
= _eV$)(-1) + (lrl - I)(lr - 5) 
24 96 
Since ITI = S, we have the desired formula. This completes the proof. 0 
Now we prove Main Theorem. By the main theorem of [12], we have ad(K) = 
uz(C) (mod2), which is equal to the arf invariant of C. We consider case (1). By 
Theorem 6, we have 
u4(K) E +vy + $,(a - I)(6 - 5) (mod2), 
and we obtain the desired formula. The proof for case (2) is similar. 
2. Applications 
Corollary 7. Let K be an amphicheiral knot. If the determinant of K is congruent to 9 
mod&o 12, then the unknotting number of K is greater than or equal to 2. 
Proof. Since K is amphicheiral, a(K) = 0 and VK(~) = VK(~-‘). So we obtain 
Vi) (- 1) = 0. The result follows from case (1) of Main Theorem. 0 
Investigating the Jones polynomials of all the knots with crossing numbers less than 
or equal to 10 [17, Appendix C], whose unknotting numbers are not determined whether 
one or two [9], we obtain: 
Theorem 8. Each of the following knots is ef unknotting number two: 1065, 1069, 1089, 
10973 10108, 10164, 10166. 
Proof. Each of these knots has signature &2, and we apply case (2) of Main Theorem. Let 
K = 1065. Then a(K) = -2, and Q(K) = 5. The Jones polynomial is VK(~) = -t8 + 
2t7-55t6+8t5-9t4+l lt3- 10t2+8t-5+3t-I-t-*, and so 6 = 63 and Vi’(-1) = 184. 
Thus V$)(-1) -24a4(K) - (IVK(-1)J + l)(lVrIT(-l)l +5)/4 = -1024 $ 0 (mod48), 
and we obtain u(K) = 2. Similarly, we can prove for the other six knots. 0 
Remark. The referee has consulted Daniel Lines (Universite de Bourgogne) about The- 
orem 8. After considerable calculation, Lines asserts that each of the seven listed lo- 
crossing knots has unknotting number two, using only the linking-form of the double 
branched cover (the method of [ 111). Up to now, we have no certainty that the method of 
this paper contains more information than previous methods. Also in [ 10, Appendix F.31, 
an expanded English version of [9], the numbers in Theorem 8 are recorded. 
Example 1. From Corollary 7, we see that the square knot and 8r8 are of unknotting 
number 2. This also follows by using Nakanishi’s index. 
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Example 2. In [3, Example 2.51, K = 61 cannot be unknotted by changing a negative 
crossing by considering the linking form on HI (C*(K)) [3, Proposition 2.11. Since 
V$)(-1) = 8, Q(K) = 0, 6 = 9, b y th e case (1) of Main Theorem, we have this result. 
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